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In this paper we study the fourth mean value of generalized
quadratic Gauss sums, and get an interesting identity associated
with Weil’s estimate,
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)
=
{
10− 2p, p ≡ 1 (mod 4);
2p − 6, p ≡ 3 (mod 4).
By virtue of the identity, higher-order mean values of generalized
quadratic Gauss sums are obtained.
Crown Copyright © 2009 Published by Elsevier Inc.
All rights reserved.
1. Introduction and main results
Let q  2 be an integer. For any integer n, the generalized quadratic Gauss sums G(n,χ ;q) is
deﬁned as follows
G(n,χ ;q) =
q∑
a=1
χ(a)e
(
na2
q
)
, (1)
where χ denotes a Dirichlet character modulo q, and e(y) = e2π iy . This sum is very important, be-
cause it can be regarded as a generalization of the classical quadratic Gauss sums. By the deﬁnition
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1076 Y. He, Q. Liao / Journal of Number Theory 129 (2009) 1075–1089of a Dirichlet character, χ(a) = 0 if (a,q) > 1. Thus it suﬃces to let a run through a reduced residue
system modulo q, that is,
G(n,χ ;q) =
q∑′
a=1
χ(a)e
(
na2
q
)
, (2)
where
∑′
a denotes the sum over all a such that (a,q) = 1. In 1999, Cochrane and Zheng [1] inves-
tigated pure and mixed exponential sums. From their studies, one can easily get a general result if
(n,q) = 1
∣∣G(n,χ ;q)∣∣ 2ω(q)q 12 ,
where ω(q) denotes the number of different prime divisors of q; the case where q is prime is due to
Weil [5].
Interest in generalized quadratic sums stems from its good mean value properties. In recent
years, there has been a lot of literature dealing with mean value moments of generalized quadratic
Gauss sums,
∑
χ modq
∣∣G(n,χ ;q)∣∣2l, (3)
where l is a positive integer. When l = 1, it follows from (2), (3) and the orthogonality relation for
Dirichlet characters that
∑
χ modq
∣∣G(n,χ ;q)∣∣2 = ∑
χ modq
q∑′
a=1
χ(a)e
(
na2
q
) q∑′
b=1
χ(b)e
(−nb2
q
)
=
q∑′
a=1
q∑′
b=1
e
(
n(a2 − b2)
q
) φ(q)∑
r=1
χr(a)χ r(b)
= φ(q)
q∑′
a=1
a≡b
q∑′
b=1
(mod q)
e
(
n(a2 − b2)
q
)
= φ2(q),
where φ(q) is the Euler function. In 2002, Zhang [8] investigated moments of generalized quadratic
Gauss sums weighted by L-functions and obtained
∑
χ mod p
∣∣G(n,χ ; p)∣∣4 = { (p − 1)[3p2 − 6p − 1+ 4√p( np )], p ≡ 1 (mod 4);
(p − 1)(3p2 − 6p − 1), p ≡ 3 (mod 4), (4)
and if p ≡ 3 (mod 4), then
∑
χ mod p
∣∣G(n,χ ; p)∣∣6 = (p − 1)(10p3 − 25p2 − 4p − 1), (5)
where p is an odd prime, n is any integer with (n, p) = 1, and ( np ) is the Legendre symbol.
For a general integer l  3, whether there exists an explicit formula or an asymptotic formula
for (3) is an unsolved problem in [8]. It seems that the method used in [8] does not work. In this
Y. He, Q. Liao / Journal of Number Theory 129 (2009) 1075–1089 1077paper, by using elementary methods, we get an interesting identity which is associated with the Weil
estimate [5]
p−1∑
b=1
(
b2 − a2
p
)(
b2 − 1
p
)
 3√p, a2 ≡ 1 (mod p), (6)
where ( ·p ) is the Legendre symbol. By virtue of the identity, we obtain higher-order mean values of
generalized quadratic Gauss sums. That is, we shall prove the following theorems:
Theorem 1. Let p be an odd prime. Then we have the identity
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)
=
{
10− 2p, p ≡ 1 (mod 4);
2p − 6, p ≡ 3 (mod 4).
Theorem 2. Let p be an odd prime and let n be any integer with (n, p) = 1. Then we have
∑
χ mod p
∣∣G(n,χ ; p)∣∣6 =
⎧⎨
⎩
(p − 1)(10p3 − 25p2 − 16p − 1)
+ (p√p(p − 1)N + 18p2√p − 12p√p − 6√p )( np ), p ≡ 1 (mod 4);
(p − 1)(10p3 − 25p2 − 4p − 1), p ≡ 3 (mod 4),
where
N =
p−2∑
a=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
.
Theorem 3. Let p be an odd prime and let n be any integer with (n, p) = 1. Then we have
∑
χ mod p
∣∣G(n,χ ; p)∣∣8 =
⎧⎪⎪⎨
⎪⎪⎩
(p − 1)(34p4 − 99p3 − 65p2 − 29p − 1)
+ (56p3√p + 8p2√p − 56p√p − 8√p + 8p2√p(p − 1)N)( np )
+ p2(p − 1)T , p ≡ 1 (mod 4);
(p − 1)(34p4 − 99p3 + 7p2 − 5p − 1) + p2(p − 1)T , p ≡ 3 (mod 4),
where N is the same as in Theorem 2 and
T =
p−2∑
a=2
p−1∑
b=1
p−1∑
d=1
(
a2 − b2
p
)(
b2 − 1
p
)(
a2 − d2
p
)(
d2 − 1
p
)
.
In fact, by using our methods and results, for a general integer l 5, the mean value of the gener-
alized quadratic Gauss sum (3) can be explicitly given. Some interesting topics in [4,7,9,10], which are
associated with generalized quadratic sums can also continue to be investigated. Meanwhile, combin-
ing Zhang’s results (see [8, Lemma 1 and Lemma 2]) and our methods, we can complete the proof of
a conjecture in [8]. Because its proof depends on some complicated calculation, we ignore it in this
paper. Furthermore, from Theorem 2 and Theorem 3, we can easily deduce the following explicit for-
mulas which address an open problem in [6]: for a general integer l  3, does there exist an explicit
formula for
∑
χ modq
q∑
m=1
∣∣C(m,n,k,χ ;q)∣∣2l,
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C(m,n,k,χ ;q) =
q∑
a=1
χ(a)e
(
mak + na
q
)
is the two-term exponential sum with Dirichlet character (see [2]), which is closely associated with
the Waring’s problem when χ is the principal character modulo q.
Corollary 1. Let p be an odd prime and n any integer with (n, p) > 1. Then we have the identity
∑
χ mod p
p∑
m=1
∣∣C(m,n,2,χ ; p)∣∣6 = { (p − 1)2(10p3 − 25p2 − 16p − 1) + (p − 1)6, p ≡ 1 (mod 4);
(p − 1)2(10p3 − 25p2 − 4p − 1) + (p − 1)6, p ≡ 3 (mod 4).
Corollary 2. Let p be an odd prime and n any integer with (n, p) > 1. Then we have
∑
χ mod p
p∑
m=1
∣∣C(m,n,2,χ ; p)∣∣8 =
⎧⎪⎨
⎪⎩
(p − 1)2(34p4 − 99p3 − 65p2 − 29p − 1+ p2T ) + (p − 1)8,
p ≡ 1 (mod 4);
(p − 1)2(34p4 − 99p3 + 7p2 − 5p − 1+ p2T ) + (p − 1)8,
p ≡ 3 (mod 4),
where T is the same as in Theorem 3.
From the above results, we come to the conclusion that there exists an interesting congruence
in the mean value of the two-term exponential sums with Dirichlet characters, i.e., for any positive
integer l,
∑
χ mod p
p∑
m=1
∣∣C(m,n,2,χ ; p)∣∣2l ≡ 0 (mod (p − 1)2),
where p is an odd prime, and n is any integer with (n, p) > 1.
2. Several lemmas
Before starting our proofs of the theorems, the following lemmas will be useful. For convenience,
in this paper we always denote A = 1 + χ(−1) and B = ( np )Gp , where Gp is the Gauss sum Gp =∑p−1
b=0 e(
b2
p ) =
∑p−1
b=1 (
b
p )e(
b
p ) with well-known value (see [3])
Gp =
{√
p, if p ≡ 1 (mod 4);
i
√
p, if p ≡ 3 (mod 4). (7)
Lemma 1. Let p be an odd prime. Then we have the identity
p−2∑
y=2
(
y2 − 1
p
)
=
{−2, p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4),
where ( ·p ) is the Legendre symbol.
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p−2∑
y=2
(
y2 − 1
p
)
=
p∑
y=1
(
(y − 1)(y + 1)
p
)
−
(−1
p
)
=
p−1∑
y=1
(
y(y + 2)
p
)
−
(−1
p
)
.
Since (2, p) = 1, then 2y runs over a reduced residue system modulo p as y does. It follows that
p−2∑
y=2
(
y2 − 1
p
)
=
p−1∑
y=1
(
(2y)2 + 2(2y)
p
)
−
(−1
p
)
=
p−1∑
y=1
(
y2 + y
p
)
−
(−1
p
)
=
p−1∑
y=1
(
x2(y2 + y)
p
)
−
(−1
p
)
=
p−1∑
y=1
(
1+ x
p
)
−
(−1
p
)
,
where x denotes the multiplicative inverse of y modulo p. It is clear that x runs over a reduced
residue system modulo p as y does and so
p−2∑
y=2
(
y2 − 1
p
)
=
p−1∑
y=1
(
1+ y
p
)
−
(−1
p
)
= −1−
(−1
p
)
=
{−2, p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4),
which is our desired result. 
Lemma 2. Let p be an odd prime. Then for any integer n with (n, p) = 1, we have
∣∣G(n,χ ; p)∣∣2 = Ap + B p−2∑
a=2
χ(a)
(
a2 − 1
p
)
−
p−1∑
a=1
χ(a).
In particular, if χo is the principal character modulo p, then
∣∣G(n,χo; p)∣∣2 =
{
p + 1− 2√p( np ), p ≡ 1 (mod 4);
p + 1, p ≡ 3 (mod 4); (8)
if χ is a non-principal character modulo p, then
∣∣G(n,χ ; p)∣∣2 = Ap + B p−2∑
a=2
χ(a)
(
a2 − 1
p
)
. (9)
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∣∣G(n,χ ; p)∣∣2 = p−1∑
a=1
χ(a)e
(
na2
p
)p−1∑
b=1
χ(b)e
(−nb2
p
)
.
For (b, p) = 1, ab runs over a reduced residue system modulo p as a does. Thus
∣∣G(n,χ ; p)∣∣2 = p−1∑
a=1
p−1∑
b=1
χ(ab)χ(b)e
(
nb2(a2 − 1)
p
)
=
p−1∑
a=1
χ(a)
p−1∑
b=0
e
(
nb2(a2 − 1)
p
)
−
p−1∑
a=1
χ(a)
= Ap +
p−2∑
a=2
χ(a)
p−1∑
b=0
e
(
nb2(a2 − 1)
p
)
−
p−1∑
a=1
χ(a)
= Ap +
p−2∑
a=2
χ(a)
(
n(a2 − 1)
p
)
Gp −
p−1∑
a=1
χ(a),
where Gp is as in (7). Thus
∣∣G(n,χ ; p)∣∣2 = Ap + B p−2∑
a=2
χ(a)
(
a2 − 1
p
)
−
p−1∑
a=1
χ(a).
By Lemma 1, the orthogonality relation for character sums
p−1∑
a=1
χ(a) =
{
p − 1, if χ is the principal character modulo p;
0, otherwise,
and (7) we complete the proof of Lemma 2. 
Remark. Let p be an odd prime, and let χ be a non-principal character modulo p. Since A = 0 or 2,
then by (7) and (9) one can see that if p ≡ 1 (mod 4), then ∑p−2a=2 χ(a)( a2−1p ) is a real number;
while if p ≡ 3 (mod 4), then ∑p−2a=2 χ(a)( a2−1p ) is a pure imaginary number. Meanwhile, note that if
a ∈ {1, . . . , p − 1}, then χ(a) = χ(a), where a is the inverse of a such that aa ≡ 1 (mod p), and χ(a)
is the conjugate of χ(a). This will be used in the proofs of Theorem 2 and Theorem 3.
Lemma 3. Let p be an odd prime, and let χo be the principal character modulo p. Then for any positive integer
m, we have
∑
χ mod pχ =χo
(
1+ χ(−1))m =
⎧⎨
⎩ (p − 3)
∑m
2
i=0
(m
2i
)
, if m is an even integer;
(p − 3)∑m−12i=0 (m2i), if m is an odd integer,
where
(m
2i
)= m!
(2i)!·(m−2i)! .
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x the smallest integer  x. Since χ(−1) = ±1, it
follows that
∑
χ mod p
χ =χo
(
1+ χ(−1))m = ∑
χ mod p
χ =χo
m∑
i=0
(
m
i
)
χ i(−1)
=
∑
χ mod p
χ =χo
m2 	∑
i=0
(
m
2i
)
+
∑
χ mod p
χ =χo

m2 ∑
i=1
(
m
2i − 1
)
χ(−1)
= (p − 2)
m2 	∑
i=0
(
m
2i
)
+

m2 ∑
i=1
(
m
2i − 1
)[ ∑
χ mod p
χ(−1) − 1
]
.
Thus
∑
χ mod p
χ =χo
(
1+ χ(−1))m = (p − 2) 
m
2 	∑
i=0
(
m
2i
)
−

m2 ∑
i=1
(
m
2i − 1
)
= (p − 3)
m2 	∑
i=0
(
m
2i
)
.
This completes the proof of Lemma 3. 
Lemma 4. Let p be an odd prime, and let χo be the principal character modulo p. Then for any positive integer
m, we have
∑
χ mod p
χ =χo
(
1+ χ(−1))m p−2∑
a=2
χ(a)
(
a2 − 1
p
)
=
{
2m+1, p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4).
Proof. We have
∑
χ mod p
χ =χo
(
1+ χ(−1))m p−2∑
a=2
χ(a)
(
a2 − 1
p
)
=
∑
χ mod p
(
1+ χ(−1))m p−2∑
a=2
χ(a)
(
a2 − 1
p
)
−2m
p−2∑
a=2
(
a2 − 1
p
)
.
It follows from Lemma 1 that
∑
χ mod p
χ =χo
(
1+ χ(−1))m p−2∑
a=2
χ(a)
(
a2 − 1
p
)
=
∑
χ mod p
(
1+ χ(−1))m p−2∑
a=2
χ(a)
(
a2 − 1
p
)
+
{
2m+1, p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4).
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∑
χ mod p
p−2∑
a=2
χ(a)
(
a2 − 1
p
)
=
p−2∑
a=2
(
a2 − 1
p
) ∑
χ mod p
χ(a) = 0
and
∑
χ mod p
p−2∑
a=2
χ(−a)
(
a2 − 1
p
)
=
p−2∑
a=2
(
a2 − 1
p
) ∑
χ mod p
χ(−a) = 0,
and so Lemma 4 follows. 
3. Proofs of main theorems
The proof of Theorem 1. Let χo be the principal character modulo p, then
∑
χ mod p
∣∣G(n,χ ; p)∣∣4 = ∑
χ mod p
χ =χo
∣∣G(n,χ ; p)∣∣4 + ∣∣G(n,χo; p)∣∣4. (10)
By (8), we have
∣∣G(n,χo; p)∣∣4 =
{
(p + 1− 2√p( np ))2, p ≡ 1 (mod 4);
(p + 1)2, p ≡ 3 (mod 4). (11)
Now let χ = χo be a non-principal character modulo p, then it follows from (9) that
∑
χ mod p
χ =χo
∣∣G(n,χ ; p)∣∣4 = p2 ∑
χ mod p
χ =χo
A2 + 2pB
∑
χ mod p
χ =χo
A
p−2∑
a=2
χ(a)
(
a2 − 1
p
)
+ B2
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
. (12)
By Lemma 3, Lemma 4 and (7), we obtain
p2
∑
χ mod p
χ =χo
A2 + 2pB
∑
χ mod p
χ =χo
A
p−2∑
a=2
χ(a)
(
a2 − 1
p
)
=
{
2p2(p − 3) + 8p√p( np ), p ≡ 1 (mod 4);
2p2(p − 3), p ≡ 3 (mod 4). (13)
Note that if a runs over the reduced system of residues modulo p, then ab also runs over such a
system, where b is the inverse of b modulo p. Thus
Y. He, Q. Liao / Journal of Number Theory 129 (2009) 1075–1089 1083( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
=
p−1∑
a=1
χ(a)
(
a2 − 1
p
)p−1∑
b=1
χ(b)
(
b2 − 1
p
)
=
p−1∑
a=1
p−1∑
b=1
χ(ab)χ(b)
(
a2b2 − 1
p
)(
b2 − 1
p
)
=
p−1∑
a=1
p−1∑
b=1
χ(a)
(
a2 − b2
p
)(
b2 − 1
p
)
= (p − 3)
(−1
p
)
A +
p−2∑
a=2
p−1∑
b=1
χ(a)
(
a2 − b2
p
)(
b2 − 1
p
)
. (14)
It follows from Lemma 3 that
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
= (p − 3)
(−1
p
) ∑
χ mod p
χ =χo
A +
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(a) − 1
]
= (p − 3)2
(−1
p
)
−
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)
.
Let M =∑p−2a=2 ∑p−1b=1 ( a2−b2p )( b2−1p ). Then by (7) we obtain
B2
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
=
{
p(p − 3)2 − pM, p ≡ 1 (mod 4);
p(p − 3)2 + pM, p ≡ 3 (mod 4). (15)
Combining (10)–(13) and (15), we have
∑
χ mod p
∣∣G(n,χ ; p)∣∣4 = {3p3 − 11p2 + 15p + 1+ 4√p(p − 1)( np ) − pM, p ≡ 1 (mod 4);
3p3 − 11p2 + 11p + 1+ pM, p ≡ 3 (mod 4).
Comparing (4), one can easily check that
M =
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)
=
{
10− 2p, p ≡ 1 (mod 4);
2p − 6, p ≡ 3 (mod 4).
Thus, Theorem 1 is complete. 
1084 Y. He, Q. Liao / Journal of Number Theory 129 (2009) 1075–1089The proof of Theorem 2. Let χ = χo be a non-principal character modulo p, then by (9) we have
∑
χ mod p
χ =χo
∣∣G(n,χ ; p)∣∣6 = ∑
χ mod p
χ =χo
(
Ap + B
p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= p3
∑
χ mod p
χ =χo
A3 + 3p2B
∑
χ mod p
χ =χo
A2
p−2∑
a=2
χ(a)
(
a2 − 1
p
)
+ 3pB2
∑
χ mod p
χ =χo
A
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
+ B3
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= M1 +M2 +M3 +M4, (16)
say. By Lemma 3, Lemma 4 and (7), it is trivial to get
M1 = 4p3(p − 3), (17)
and
M2 =
{
24p2
√
p( np ), p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4). (18)
By (14), we have
∑
χ mod p
χ =χo
A
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
=
∑
χ mod p
χ =χo
A
[
(p − 3)
(−1
p
)
A +
p−2∑
a=2
p−1∑
b=1
χ(a)
(
a2 − b2
p
)(
b2 − 1
p
)]
= (p − 3)
(−1
p
) ∑
χ mod p
χ =χo
A2 +
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(a) − 1
]
+
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(−a) − 1
]
= (p − 3)
(−1
p
) ∑
χ mod p
χ =χo
A2 − 2
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)
.
Thus, by (7), Lemma 3 and Theorem 1, we obtain
M3 =
{
6p2(p2 − 4p − 1), p ≡ 1 (mod 4);
6p2(p2 − 4p + 3), p ≡ 3 (mod 4). (19)
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Case 1. If p ≡ 1 (mod 4), then by Remark after Lemma 2 and (14) we have
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
=
p−2∑
a=2
χ(a)
(
a2 − 1
p
)p−2∑
b=2
χ(b)
(
b2 − 1
p
)p−2∑
c=2
χ(c)
(
c2 − 1
p
)
=
[
(p − 3)A +
p−2∑
a=2
p−1∑
c=1
χ(a)
(
a2 − c2
p
)(
c2 − 1
p
)]p−2∑
b=2
χ(b)
(
b2 − 1
p
)
= (p − 3)A
p−2∑
b=2
χ(b)
(
b2 − 1
p
)
+
p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
χ(ab)
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)
. (20)
It follows from Lemma 4, Lemma 1 and Theorem 1 that
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= 4(p − 3) +
p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(ab) − 1
]
= 4(p − 3) + (p − 1)
p−2∑
a=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
+2(10− 2p)
= 8+ (p − 1)N.
Thus in this case, by (7) we have
M4 = p√p
(
8+ (p − 1)N)( n
p
)
. (21)
Case 2. If p ≡ 3 (mod 4), then
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= −
p−2∑
a=2
χ(a)
(
a2 − 1
p
)p−2∑
b=2
χ(b)
(
b2 − 1
p
)p−2∑
c=2
χ(c)
(
c2 − 1
p
)
= −
[
−(p − 3)A +
p−2∑
a=2
p−1∑
c=1
χ(a)
(
a2 − c2
p
)(
c2 − 1
p
)] p−2∑
b=2
χ(b)
(
b2 − 1
p
)
= −(p − 3)A
p−2∑
b=2
χ(b)
(
b2 − 1
p
)
−
p−2∑ p−2∑ p−1∑
χ(ab)
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)
. (22)a=2 b=2 c=1
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∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= −
p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(ab) − 1
]
= −(p − 1)
p−2∑
a=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
= −(p − 1)
p−1∑
a=1
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
.
Note that in this case, by the properties of residue system we have
p−1∑
a=1
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
=
p−1∑
a=1
p−1∑
c=1
(
a2c2 − c2
p
)(
c2 − 1
p
)(
a2c2 − 1
p
)
=
p−1∑
a=1
p−1∑
c=1
(
a2 − 1
p
)(
c2 − 1
p
)(
a2c2 − 1
p
)
(23)
and
p−1∑
a=1
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
=
p−1∑
a=1
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
=
p−1∑
a=1
p−1∑
c=1
(
a2c2 − 1
p
)(
1− c2
p
)(
a2 − 1
p
)
= −
p−1∑
a=1
p−1∑
c=1
(
a2 − 1
p
)(
c2 − 1
p
)(
a2c2 − 1
p
)
, (24)
where c denotes the inverse of c such that cc ≡ 1 (mod p). Equating (23) and (24), we obtain
p−1∑
a=1
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
= 0. (25)
It follows that
∑
χ mod p
χ =χo
( p−1∑
a=1
χ(a)
(
a2 − 1
p
))3
= 0. (26)
Thus, by (21) and (26), we get
M4 =
{
p
√
p(8+ (p − 1)N)( np ), p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4). (27)
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∑
χ mod p
∣∣G(n,χ ; p)∣∣6 = ∑
χ mod p
χ =χo
∣∣G(n,χ ; p)∣∣6 + ∣∣G(n,χo; p)∣∣6,
then combining (16)–(19), (27) and (8), we complete the proof of Theorem 2. 
The proof of Theorem 3. Let χ = χo be a non-principal character modulo p. Then by (9) we have
∑
χ mod p
χ =χo
∣∣G(n,χ ; p)∣∣8 = ∑
χ mod p
χ =χo
(
Ap + B
p−2∑
a=2
χ(a)
(
a2 − 1
p
))4
= p4
∑
χ mod p
χ =χo
A4 + 4p3B
∑
χ mod p
χ =χo
A3
p−2∑
a=2
χ(a)
(
a2 − 1
p
)
+ 6p2B2
∑
χ mod p
χ =χo
A2
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))2
+ 4pB3
∑
χ mod p
χ =χo
A
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
+B4
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))4
= N1 +N2 +N3 +N4 +N5, (28)
say. By Lemma 3, Lemma 4 and (7), we have
N1 = 8p4(p − 3), (29)
and
N2 =
{
64p3
√
p( np ), p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4). (30)
Note that A2 = 2A, then by (19) we get
N3 =
{
24p3(p2 − 4p − 1), p ≡ 1 (mod 4);
24p3(p2 − 4p + 3), p ≡ 3 (mod 4). (31)
If p ≡ 1 (mod 4), then it follows from (20), Lemma 4, Lemma 1 and Theorem 1 that
∑
χ mod p
χ =χo
A
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= (p − 3)
∑
χ mod p
χ =χ
A2
p−2∑
b=2
χ(b)
(
b2 − 1
p
)
o
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p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(ab) − 1
]
+
p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(−ab) − 1
]
= 8(p − 3) + 2(p − 1)
p−2∑
a=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
a2 − 1
p
)
+4(10− 2p)
= 16+ 2(p − 1)N. (32)
If p ≡ 3 (mod 4), then it follows from (22), Lemma 4, (25) and Lemma 1 that
∑
χ mod p
χ =χo
A
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))3
= −(p − 3)
∑
χ mod p
χ =χo
A2
p−2∑
b=2
χ(b)
(
b2 − 1
p
)
−
p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(ab) − 1
]
−
p−2∑
a=2
p−2∑
b=2
p−1∑
c=1
(
a2 − c2
p
)(
c2 − 1
p
)(
b2 − 1
p
)[ ∑
χ mod p
χ(−ab) − 1
]
= 0. (33)
Thus by (7), (32) and (33), we get
N4 =
{
8p2
√
p(8+ (p − 1)N)( np ), p ≡ 1 (mod 4);
0, p ≡ 3 (mod 4). (34)
Now, it remains to get N5. By (14) and Remark after Lemma 2 we have
∑
χ mod p
χ =χo
( p−2∑
a=2
χ(a)
(
a2 − 1
p
))4
= (p − 3)2
∑
χ mod p
χ =χo
A2
+ 2(p − 3)
(−1
p
)[ p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)( ∑
χ mod p
χ(a) − 1
)
+
p−2∑
a=2
p−1∑
b=1
(
a2 − b2
p
)(
b2 − 1
p
)( ∑
χ mod p
χ(−a) − 1
)]
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p−2∑
a=2
p−1∑
b=1
p−2∑
c=2
p−1∑
d=1
(
a2 − b2
p
)(
b2 − 1
p
)(
c2 − d2
p
)(
d2 − 1
p
)[ ∑
χ mod p
χ(ac) − 1
]
.
Thus, by (7), Lemma 3 and Theorem 1 we get
N5 =
{
p2(2p3 − 14p2 + 30p − 34+ (p − 1)T ), p ≡ 1 (mod 4);
p2(2p3 − 14p2 + 30p − 18+ (p − 1)T ), p ≡ 3 (mod 4). (35)
Combining (28)–(31), (34), (35) and (8), one can check that Theorem 3 is complete. 
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